Several authors have suggested to use first-order logic over the real numbers to describe spatial database applications. Geometric objects are then described by polynomial inequalities with integer coefficients involving the coordinates of the objects. Such geometric objects are called semi-algebraic sets. Similarly, queries are expressed by polynomial inequalities. The query language thus obtained is usually referred to as FO + poly. From a practical point of view, it has been argued that a linear restriction of this so-called polynomial model is more desirable. In the so-called Zinear model, geometric objects are described by linear inequalities, and are called semilinear sets. The language of the queries expressible by linear inequalities is usually referred to as FO + linear.
Following the seminal work by Kanellakis, Kuper, and Revesz [12] on constraint query languages with polynomial constraints, various researchers have introduced geometric database models and query languages within this framcwork [lo, 171 . These researchers have studied the desirability of their models for database applications involving geometric data objects, as well as the expressiveness of the proposed geometric query languages. We adopt the formalism of [17] , which we shall call the polynomial spatial database model, in which both geometric objects and queries are exprcsscd using polynomial inequalities. Geometric objects described by polynomial inequalities are called semi-algebraic sets, and the query language using polynomial inequalities is referred to as FO I-poly.
The decidability of semi-linearity of semi-algebraic sets has an important consequence. It has been shown that it is undecidable whether a query expressible in FO + poly is linear, i.e., maps spatial databases of the linear model into spatial databases of the linear model. It follows now that, despite this negative result, there exists a syntactically definable language precisely expressing the linear queries expressible in FO f poly.
Recently, several authors [l, 2, 4, 10, 12, 13, 23 , 241 discussed linear spatial database models which can be seen ~9 linear restrictions of the polynomial database model. These linear models allow users to define relational databases, which may, besides conventional data, contain linear gcometric data objects, which suffice for the majority of applications encountered in GIS, geometric modeling, and spatial and temporal databases [16, 18) . Furthermore, data structures and algorithms have been developed to efficiently implement a wide variety of operations on these sets [6,6, 7,9, 201. Geometric objects described by linear inequalities are called semi-linear sets, and the restriction of FO + poly using only linear inequalities is referred to as FO$linear. Not all linear queries (i.e., mappings between spatial database8 describable in the linear model) expressible in FO+poly can be described in FO + linear, however [l, 24) . ' In the context of our investigation of the feasibility of the linear spatial database model as a restriction of the polynomial database model [23, 241 , we focus in this paper on tho decidability of semi-linearity for semi-algebraic sets, Permission to make digital/hard copies of all or part ofthis material for personal or classroom use is granted without fee provided that the copies cre not made or distributed for profit or commercial advantage, the copyright notice, the title ofthe publication and its date appear, and notice is given that copyright is by permissiod oflhe ACM, Inc. To copy otherwise, to republish, lo post on servers or to redistribute to lists, requires specific permission and/or fee In order to give an accurate solution to this problem, we point out that there are two natural ways to define the linear spatial database model as a restriction of the polynomial database models. A minima&tic approach consists of restricting the degree of the polynomials used in the polynomial model, yielding semi-linear sets described by linear constraints with integer coefficients. In this model, semialgebraic polytopes are semi-linear only if their corner points have rational coordinates. If, on the other hand, we want aIZ semi-algebraic polytopes to be semi-linear, we have to take a maximalistic approach which consists of considering linear constraints with algebraic coefficients. (Observe that an algebraic number can be described finitarily by a univariate polynomial and an interval with rational end points in which this polynomial has precisely one root. ) We first prove that semi-linearity for semi-algebraic sets is decidable in the maximalistic case, and we provide an FO + poly expression for the corresponding decision query. Next, we prove that semi-linearity for semi-algebraic sets is decidable in the minimslistic case, too. However, we also prove that in this case there is no FO + poly expression for the corresponding decision query. Finally, we deduce from these decidability results that, both in the minimalistic and the maximslistic case, there exists a syntactically definable query language that precisely expresses all linear queries expressible in FO + poly. Earlier, three of the present authors showed that it is undecidable whether a FO+poly expression computes a linear query.
In the proof of the decidability results, the notion of regularity plays a key role. It allows the decomposition of a semi-algebraic set into so-called regular strata. In the case of semi-linear sets, the regular strata constitute a decomposition of the semi-linear set into linear components. We show that the query returning the regular points of a semi-linear set can be computed in FO + linear.
The remainder of this paper is organized as follows. Section 2 reviews the polynomial and linear spatial database models. Section 3 introduced the notion of regular stratification. Section 4 presents the key lemma of the paper. Section 5 contains the main decidabiity results. Section 6, reflects on the implications of these results, and Section 7, finally, discusses the practical relevance of this work.
Preliminaries
We first review the polynomial model. The polynomial model is described using the first-order language of the ordered field of the real numbers (R, 5, +, X, 0, l), i.e., the language (5, +, x, 0,l). The first-order formulae of this language are called real formulae. Seidenberg [21] and Tarski (221 showed that every real formula can effectively be transformed into a quantifier-free real formula. As a consequence, it is decidable whether a real sentence is valid in the ordered field of the real numbers. Every real formula &IX,. . . ,z,) with free real variables among 21,. . . , zn defines a geometrical figure {(Xl , . . . ,xn) 1 'p(X1,. . . ,%a)) in n-dimensional Euclidean space R". Point sets defined in this way are called semi-algebraic sets.
A spatial database scheme S is a finite set of relation names. Each relation name R has a type which is a pair of natural numbers [m, n] , where m denotes the number of nonspatial columns and n the dimension of the single spatial column of R. A database scheme has type [mr,nr,. . . ,mk,nk] if the scheme consists of relation names, say RI,. . . , Rk, respectively of type [ml, nr], . . . , [mk, nk] .
A syntactic spatial database instance is a mapping Z assigning to each relation name R of a database scheme S a syntactic spatial relation Z(R) of the same type. A syntactic spatial relation of type [m,n] is a finite set of tuples of the form (VI,. . . , vm; 'p(zr, . . . , x,)), with ~1,. . . , V~ non-spatial values of some domain U, and I&,. . . ,zn) a real formula with n free variables.
The semantics of a syntactic database instance Z over a database scheme S is the mapping I assigning to each relation name R in S the semantic spatial relation I(Z(R)).
Given a syntactic spatial relation T, the semantic spatial relation I(r) is defined as In this paper, the non-spatial part of a spatial database will play no role, and will therefore no longer be considered. In the same spirit, only purely spatial queries will be considered, i. From the polynomial model, a linear spatial database model can be obtained by only considering real formulae containing linear polynomials. There are two natural ways to achieve this restriction: a minimalistic approach, in which only the degree of the polynomials involved is restricted to 1, as a consequence of which all the linear polynomials considered have integer coefficients. The real formulae to which this restriction gives rise will be called Z-linear formulae, and the semi-algebraic sets that can be defined with them Z-semi-linear sets. Linear queries in For use in the proof of the main result, we also consider Rlinear formulae, in which the coefficients may be arbitrary real numbers, and, correspondingly, R-semi-linear sets. Eucry polytope is R-semi-linear. Similarly, we consider R-real 'A polytope is the convex closure of a finite set of points.
formulae, in which the coefficients may be arbitrary real numbers, and, correspondingly, R-semi-algebraic sets. Queries of signature [ml, nr,. . . , mk, nk] 4 (0, 0] are called Boolean queries, because the sets (0) and (} can be seen as encoding-the truth values irue and fake, respectively, Since both these sets are semi-linear, every Boolean query induces a linear query (in any of the approaches considered). Throughout the paper, we use vector notation to denote points. In this notation, equalities and inequalities of formulae should be interpreted coordinate-wise. Hence, -@= c) indicates that jiis not the origin of the coordinate system, whereas p' # 6 denotes that none of the coordinates of p' equals 0. Finally, p'. c denotes prqr + . --+ p,q,.
Regular stratification
The notions of a regular point and regular stratification of an R-semi-algebraic set [3, 8, 15 , 251 play a key role in the technical development of this section.
Intuitively, a regular point of an R-semi-algebraic set is a point of that set in which, locally, i.e., in some neighborhood of that point, the set looks like an algebraic variety (which can be described by equations only) which has a tangent space in 3. The regular points of S are the points in the interior of the disk, the points of the open line segment, and the isolated points. In a small enough neighborhood of a point in the interior of the disk, the set S looks like the whole plane, which happens to be also the tangent space in that point. In a small enough neighborhood of the a point in the open line segment, the set S looks like the line y = 1, which happens to be also the tangent space in that point. Finally, in a small enough neighborhood of the isolated point, the S looks like that isolated point, which happens to be its own tangent space. In any neighborhood of a point on the boundary of the disk or the other end point of the line segment the S does not look like an algebraic variety, and, therefore, these points are not regular. Cl
We now formalize the intuition given above.
Definition 3.2 Let S be an R-semi-algebraic set of R" and let p'be a point of S. The point p'is a regular point of S if there exists a neighborhood V of p', and polynomials with real coefficients A,. . . , Pk in n real variables such that?
are linearly independent and S n V = {Z E V 1 PI(Z) = -**=P&)=o}. cl If S and p' satisfy the above conditions, then, locally around pi S is an n -k-dimensional algebraic variety which has an n -k-dimensional tangent space at $, defined by the system of k linear equations !+g@-).,-=o ,..., ~(p'po.
We say that S has dimension n -k in p' and call the maximum of these numbers the overall dimension of S, denoted dim (S) . Now, let S be an R-semi-algebraic set, and let Reg(S) be the set of those regular points of S in which S has dimension dim(S). It is well-known that the connected components of Reg(S) are R-semi-algebraic [8, 15] . These are called regular strata. To S-Reg(S), which is again R-semi-algebraic and of strictly lower dimension than S, we apply the same procedure, until no more points are left. In this way, we obtain a decomposition of S in regular strata. Each R-semi-algebraic set has only a finite number of regular strata. defines the Z-linear query returning the regular points of S.
In previous work, three of the present authors [24] showed that the dimension query is expressible in FO + linear-z. Using this result, Lemma 3.4 can be sharpened, as follows (proof omitted). 
query returning those regular points in which S has dimension dim(S).
Hence, the subsequent layers of regular points encountered during a regular stratification of a semi-linear set are again semi-linear (in any of the approaches considered) and can effectively be computed (if the set is A-or Z-semilinear).
We now give two examples of the regular stratification of a semi-linear set. Example 3.6 Consider the semi-linear set in three-dimensional space, shown in Figure 3 , which consists of a closed filled cube with a closed line segment attached to it at the point (3,&O) and an isolated point. Each point of S is regular, whence S itself is the only regular stratum in the regular stratification of S. cl
Key lemma
To obtain the results announced earlier, we define the following property for point sets, called Property SL:
Definition

Let S E R". We say that S satisfies Property SL if for every point p' of the topological closure 3 of S, there exists a neighborhood V of p' such that, for euem point dof v,
if a is in S, then all points on the open line segment between p' and 4' are also in S; and 2. if 4' is not in S, then none of the points on the open line segment between p' and { is in S. cl
We claim that an R-semi-algebraic set is R-semi-linear if and only if it has Property SL. Obviously, each R-somilinear set satisfies Property SL. Before proving the converse, we first give an example illustrating that non-R-semi-linear sets do not have Property SL. We now prove our key lemma. The proof technique uses regular decomposition and is of interest in its own right. Proof. We provide a rough sketch of the proof of the "if." First, we show that the class of R-semi-algebraic sets satisfying Property SL is closed under finite union and intersection, difference, and topological closure. Next, we consider the strata of the first regular layer of S, say 5'1,. . . , Sr. EachhyperplaneHj,O<i<s, 1 < j 5 ti, partitions R" into two open half-spaces and th& separating hyperplane, all three of which are obviously R-semi-linear. Of all these partitions, we now consider the coarsest common refinement. The classes of this Iast partition are finite intersections of classes of the original partitions, and are therefore also R-semi-linear. Finally, it is shown that Sl is the (finite) union of all the classes with which it has a non-empty intersection, whence 5'1 is also R-semi-linear. 0
We illustrate the proof of Proposition 4.3.
Example 4.4 In the first paragraph of the proof of Proposition 4.3, a regular stratification of the set S under consideration is obtained. This process has already been illustrated in Examples 3.3, 3.6, and 3.7. Then, each stratum is considered separately in the second paragraph of the proof. To illustrate the second paragraph of the proof, we consider again Example 3.7, since, in this example, the set S coincides with its only regular stratum.
In the next stage of the proof, we consider dS = 3 -S, which is shown in Figure 6 . A-semi-linearity of semi-algebraic sets is decidable.
The second statement in Theorem 5.1 follows from the first, because the corresponding Boolean decision query of type [O,n] -+ [0, O] can easily be expressed in FO + poly using Property SL, and the validity of real sentences in R is decidable.
Unfortunately, the truth of the first statement is not revealed by the proof of Proposition 4.3, because Definition 3.2 of regular point does not specify anything regarding the type of the coefficients in the polynomials involved. Rather, we shall derive the first statement of Theorem 5.1 from Proposition 4.3 using the following two lemmas. The second one is stated more strongly than strictly required, in anticipation of the proof of Theorem 5.6. Lemma 5.2 Every bounded R-semGlinear semi-algebraic set is A-semi-linear.
Proof. We provide a rough sketch of the proof.
Let S be a bounded R-semi-linear semi-algebraic set. It suffices to show that each regular stratum Sl of S is Asemi-linear. Therefore, let TO,. . . , TB be as in the proof of Proposition 4.3. For each Ti, 1 ,< i < s, let Ai be the a&e support of Ti. We show byinduct%n on dim(T;), the dimension of Ti, that each Ti has the following Property AC:
Ai, the afline support of Ti, is the intersection of hyperplanes which can be described by linear equations with algebraic coefficients.
The A-semi-linearity of 5'1 then follows as in the last part of the proof of Proposition 4.3. Now consider the following procedure. Let S' be the first layer in the regular stratification of S. By Proposition 3.5, this layer can be computed from S in FO + linear-Z. Since S is semi-algebraic, so are S', S -S', and p -5". Both S-S'andS -S' have strictly lower dimension than S. Repeat this procedure on S-5" and p -S' independently, and let S" be the union of all the O-dimensional layers finally obtained. Thus S" is semi-algebraic. If dim(Ti) = 0, i.e., Ti consists of a single point, then it can be seen that Ti c S" (details omitted). Therefore, Ti is also semi-algebraic, whence it can be described by a real formula. By the TarskiSeidenberg quantifier elimination theorem [21, 221 , it follows that the coordinates of that point can be described using univariate polynomials. By definition, it follows that these coordinates must be algebraic, whence Ti = Ai satisfies Property AC. Now assume dim(Ti) = cl, 15 d 5 n. Let J={jllsj<n A dim(Tj)<d-lh Tj is in the boundary of Ti).
Assume, for all j in J, that Tj has Property AC. Since S is bounded, gl and Ti are also bounded. Hence, Ai, the alline support of Ti, is also the a&e support of the boundary of Ti. Since the boundary of Ti equals UjaJTj, Ai is also the afllne support of UjeJ Aj. NOW, it readily follows from the inductive hypothesis that Ti has property AC. Cl Proof. We provide a rough sketch of the proof. We require that, for each ai-line variety A which is the support of some regular stratum, there is a (possibly, but not necessarily, different) stratum in the same layer of the stratification which has A as its a.fFine support and which has a non-empty intersection with C (8,d ). The set D of all real numbers d satis@ng this requirement is non-empty, since there are only a finite number of afllne varieties to be considered. Hence, D is a half line. Moreover, the query returning D on input S can be described in FOSpoly (details omitted). As a consequence, membership of D is decidable, By enumeration, one can effectively find the smallest into&or dinD.
Since
By construction, all the linear polynomials needed to dcscribe S as in the proof of Proposition 4.3 are also needod to describe Sn C (8, d) . Thus, conversely, S is A-semi-linoar (Z-semi-linear) whenever S n C(&d) is A-semi-linear (Zsemi-linear).
cl From Lemmas 5.2 and 5.3, it follows that every R-semilinear semi-algebraic set is A-semi-linear.
Theorem 5.1 is now readily deduced from Proposition 4.3.
By Theorem 5.1, A-semi-linearity of a semi-algebraic sot is decidable. In view of the reasons for which semi-linear sots are most often preferred over general semi-algebraic sots, Z-semi-linearity is a far more interesting property than Asemi-linearity. Therefore, we next proceed to show that Zsemi-linearity of a semi-algebraic set is decidable, too. [19] .) Hence, there are only a finite number of rational numbers for which the conditions defining the algebraic number have to be verified. CL
Lemma 5.4 Suppose an algebraic number is given by a uni
Lemma 5.5
It is decidable whether a bounded semi-alge= braic set defined by a real formula ia Z-semi-linear.
Proof. We provide a rough sketch of the proof. Let S be a bounded semi-algebraic set. First, we verify whether S satisfies Property SL. If S does not satisfy property SL, it is not R-semi-linear (Proposition 4.3), whence certainly not Z-semi-linear; else it is A-semi-linear (Theorem 5.1). In the latter case, we perform the construction explained in the proof of Lemma 5.2, leading to a Odimensional set S". All the steps of this construction can be expressed in FO + linear-Z.
Thus, if S is Z-semi-linear, so is S", whence all the points constituting S must have rational coordinates. Conversely, if all the points constituting S" have rational coordinates, an inductive proof along the lines of the proof of Lemma 52 can be given to show that all regular strata of S are Z-somilinear, whence S is.
By Lemma 5.4, it is decidable whether a semi-algebraic singleton set consists of a point with rational coordinates, 0 Theorem 5.6 It is decidable whether a semi-algebraic set defined by a real formula ia Z-semi-linear.
Proof.
Let S be a semi-algebraic set. First, we verify whether S satisfies Property SL. If S does not satisfy property SL, it is not R-semi-linear (Proposition 4.3), whence certainly not, Z-semi-linear; else it is A-semi-linear (Theorem 5.1). In the latter case, we compute a open full cube C&d) with center 6 and edges 2d such that S is Z-semi- Proof.
Assume to the contrary that there exists a sentence u in the first-order language (5, S, +, X, 0, l), with S an n-dimensional predicate, such that, for each possible interpretation of S as a semi-algebraic set, u is true if and only if this interpretation is a Z-semi-linear set of Rn. Now, let 21,. . . , zc,, be real variables not occurring in u, and transform u into a real formula cp(~, . . . ,z,) by replacing each subformula S(yl, . . . , yn) in u, with ~1,. . . , yn bound variables, by the subformula (~1 = yl A . . . A z,, = y,,). Hence 'p&l,. . . , zc,) evaluates to true if and only if the evaluation of (21,. . . , zc,) is a point with rational coordinates. Now, let $(z) be the real formula cp(z,. . . ,z). Then {z 1 $(z)) is the set, of all rational numbers, which is not semi-algebraic, a contradiction. 0
Discussion
We first discuss some philosophical consequences of our results.
A first, consequence of the results in the previous section is that, whenever a real formula ~(2) defines an Asemi-linear (a Z-semi-linear) set, an equivalent A-linear (Zlinear) formula can effectively be computed. Fist, verify Property SL to find out whether ~(3) defines an A-semilinear set (Theorem 5.1). If necessary, verify whether cp(z) defines a Z-semi-linear set, (Theorem 5.6). In the case of a positive answer, enumerate all A-linear (Z-linear) formulae g(z) and decide whether the real sentence (Vz)((p(z) @ e(s)) is true in R. Because cp(z) is already known to define an A-linear (a Z-linear) set, such a formula $(z) must be found.
A second consequence of the results in the previous section concerns A-linear and Z-linear queries. We recall the following result, proved by three of the present authors [24] : Theorem 6.1 It is undecidable whether an FO +poly-ezpression induces an A-linear (a Z-linear) query.
Our results show, however, that there exists a syntactically definable query language which expresses precisely the A-linear (Z-linear) queries expressible in FO + poly. Syntactically, this query language is just FO + poly. However, another semantics is given to FO + poly expressions. This semantics is obtained by modifying the standard output of FO + poly expression applied to some input database as follows: all semi-algebraic sets represented in this standard output that are not A-semi-linear (Z-semi-linear) are replaced by the empty set. With respect to the A-linear (Zlinear) queries expressible in FO + poly, the language thus obtained is sound (it, returns linear outputs on linear inputs) as well as complete (it does not modify the standard semantics of linear FO + poly queries). Notice that this result does not contradict Theorem 6.1, in the same way that the existence of a syntactically definable query language which is sound and complete for the domain-preserving calculus' queries in the relational model does not contradict the undecidabiity of domain preservation for arbitrary calculus queries. -For A-linear queries, the above new semantics of an FO + ~olv exoression can be expressed by an FO + poly expressi& & thk standard way. Ai a conse&ence, there exists a recursively enumerable subset of FO+poly which expresses precisely the A-linear queries expressible in FO -I-poly, ac-. cording to the standard semantics of FO + poly. Whether a similar result holds for the Z-linear queries is still open.
(Because of Theorem 5.7, the argument used for A-linear queries fails for Z-linear queries). Finally, the asymmetry between both decidability results (A-semi-linearity being expressible in FO + poly, and Zsemi-linearity being not expressible in FO + poly) and some of their consequences emphasize the necessity of properly distinguishing these two notions of semi-linearity.
Practical relevance
Of course, the query language complete for the A-linear (Zlinear) queries described in the previous section, is very artificial and not practically useful. Nevertheless, our results show that a A-linear-complete (Z-linear-complete) query language exists, and, therefore, show that is reasonable to search for a more practical such language.
Furthermore, the techniques developed to derive our results also have more immediate ramifications in that they can be used to show that certain Z-linear queries can be expressed in FO -!-linear-Z.
For example, the proof of Lemma 5.2 contains a procedure that, given a bounded semi-algebraic set S, computes a set of points, called S". Intuitively, these are the "key" points of S, from which S can be "reconstructed." (As a matter of fact,, this is what happens in the remainder of the proof of Lemma 5.2.) Recently, other researchers have also considered these "special points;" Grumbach and Kuper, e.g., call them significant points [14] . A special case is exhibited in the following example. Let, S be a closed filled polygon in the plane. Then (S-Beg(S))-Reg(S-Reg (S)) is the set of all comer points of this polygon. By our results, this set can be computed in FO + linear-Z. This technique can of course be generalized to higher-dimensional simplices and higher-dimensional spaces.
cl
It must be noted, moreover, that not only the O-dimensional sets (i.e., the points) yielded by the procedure in the proof of Lemma 5.2 are of interest, but also, e.g., the ldimensional sets. In computer graphics, the union of all this l-dimensional sets is called the wire frame of S [ll] , which is used to render J-dimensional figures. A special case is exhibited in the following example. is the wire frame of S. As in Example 7.1, the wire frame can be computed in FO + linear-Z. Again, the computation of wire frames can be generalized to higher-dimensional simplices and higherdimensional spaces. _ cl
